Abstract. Recently, evidence has been collected that a class of gravitational theories with certain non-local operators is renormalizable. We consider one such model which, at the linear perturbative level, reproduces the effective non-local action for the light modes of bosonic closed string field theory. Using the property of asymptotic freedom in the ultraviolet and fixing the classical behaviour of the scale factor at late times, an algorithm is proposed to find general homogeneous cosmological solutions valid both at early and late times. Imposing a power-law classical limit, these solutions (including anisotropic ones) display a bounce instead of a big-bang singularity, and super-accelerate near the bounce even in the absence of an inflaton or phantom field.
The strategy is the following. (i) First, in section 2 we define a model of non-local gravity inspired by closed SFT and falling into the class of actions considered in [41, 42] . (ii) In the UV, all interactions can be ignored and, thus, it is sufficient to find cosmological backgrounds compatible with the Green equation for the propagator. The scale factors a(t) representing such backgrounds do not collapse into a big bang but, rather, display a bounce. At large scales, they reduce to known profiles of ordinary cosmology, the details of which depend on the choice of matter content. In particular, in section 3 we will find, with two different methods, backgrounds following a power law at late times. These profiles are approximate solutions of the full equations of motion valid both at very early times (when, roughly, the cosmological horizon scale is near the UV asymptotically-free fixed point) and at late times. All such solutions have a bounce and accelerate near it without invoking inflaton-like matter content. 1 (iii) Next, we write down an effective Friedmann equation of the form
where H :=ȧ/a = ∂ t a/a is the Hubble parameter, κ 2 = 8πG, G is Newton's constant, ρ is the energy density of the universe, ρ * is the critical energy density at which the bounce occurs, and β > 0 is a real parameter. The exponent β is determined by plugging the profile a(t) found under the provision of asymptotic freedom into eq. (1.1) for a given energy density profile ρ(a). Since this fitting is generally rather good, we can conclude that the class of asymptotic solutions found in step (ii) is reasonably valid also at intermediate times, and that the bouncing-accelerating scenario of the theory is well described by the effective Friedmann equation (1.1).
2 The model
Effective action from closed string field theory
We start by recalling the derivation of the effective SFT Lagrangian for the closed string through a mass-level truncation scheme. In the non-polynomial bosonic closed SFT, the action has the following compact form: The idea that light states dominate physical processes justifies the following truncation of the string field in terms of oscillators and particle fields:
where A (µν) := (A µν +A νµ )/2 is the graviton field, A [µν] := (A µν −A νµ )/2 is an antisymmetric rank-2 tensor field, α ± , j 1µ and j 2µ are auxiliary fields, and b and c are first-quantized ghost oscillators. Greek indices run over spacetime directions and are lowered via the Minkowski metric η µν = diag(+, −, . . . , −). The state |0 =c 1 |Ω ⊗ c 1 |Ω is the first-quantized string vacuum, with |Ω and |Ω the left and right SL(2, R)-invariant vacua. Further details can be found, e.g., in [1] . The truncation (2.2) allows one to derive the cubic effective Lagrangian L = L free + L int . Working in the Siegel-Feynman gauge b + 0 Φ = 0 (which sets j 1µ = j 2µ = 0), the kinetic and mass terms read
while L int = L int (∂,φ,Ã,α ± ) has a number of interaction terms with derivatives. For a given field ϕ(x) in the kinetic term, we have the corresponding "dressed" field
in the interaction part, where
The above Lagrangian L can be recast in an equivalent form by shifting the smearing functions from the interaction term to the kinetic and mass ones by the field redefinition ϕ(x) → e /(2Λ 2 ) ϕ(x). Ignoring the auxiliary fields, the free part of the Lagrangian reads 5) which leads to the following stringy modifications of the Laplace-Beltrami operator in the zero-level truncation scheme:
The associated propagator generally leads to a ghost-free spectrum, the intuitive reason being that entire functions f ( ) do not introduce extra poles [14, 25, 38, 70] . Quantum field theories with exponential propagators have been argued long since to be super-renormalizable [71] . Operators of the form (2.6) also appear in the context of non-commutative geometries where a minimal length is effectively induced [72] [73] [74] [75] .
Non-local gravity model
From the tree-level effective action for the graviton and matter, we can argue about the form of its non-linear covariant extension. On the ground of a recently introduced candidate model of super-renormalizable gravity [41-43, 45, 48, 49] based on earlier results [36, 37] (see also [76] for considerations in a local higher-derivative theory), we propose the action 2
where G µν and R µν are, respectively, the Einstein tensor and the Ricci tensor associated with the D-dimensional target spacetime metric g µν , and, adopting the terminology used in string theory, φ is the dilaton field coming from the trace of the field A µν , n = p + 2, and F [n] are the p-field strengths corresponding to the gauge potentials. The value of the parameter c controls the interaction of the scalar field φ with the field strength F [n] . The key ingredients of the above action are the operators 8) where Λ (proportional to α ′ −1/2 in SFT) is the invariant energy scale above which quantum gravity effects become non-negligible. This form of the kinetic terms correctly reproduces the non-local operator (2.6) (and its inverse, the propagator V ( )/ ) when linearizing the fields [36, 37] . It also leads to the improved renormalizability of the model. However, in a spacetime of even dimension the effective action is not generally finite but only super-renormalizable because one-loop diagrams are still superficially divergent [36, 37, 42, 43, 45, 48, 49, 76, 77] . Things go differently in a spacetime of odd dimension, because at the one-loop level there are no local operators which can serve as counter-terms for pure gravity and the theory results to be finite [78, 79] . When, in the case of super-symmetry, matter is added to fill up the super-gravity multiplet, the theory remains finite [80] .
In this paper, we study asymptotic profiles which are approximate cosmological solutions of the gravitational system (2.7a). The classical action (2.7a) is a "non-polynomial" or "semi-polynomial" extension of quadratic Stelle theory [76, 81] . All the non-polynomiality is incorporated in the form factor γ( ). The entire function V has no poles in the whole complex plane, which preserves unitarity, and it has at least logarithmic behaviour in the UV regime to give super-renormalizability at the quantum level.
Here we only consider corrections to the classical solutions coming from the bare twopoint function of the graviton field. The reason is that this class of theories is asymptotically free and the leading asymptotic behaviour of the dressed propagator is dominated by its bare part. In fact, according to power counting arguments [37, 42] , the self-energy insertions, which are constant or at most logarithmic, do not contribute to it.
Cosmology

General solution in asymptotically-free gravity
To find general homogeneous and isotropic cosmological solutions in the UV, we adapt a procedure used in ordinary perturbative quantum gravity [82] [83] [84] . Later on, we shall comment on the main differences of our setting with respect to earlier applications. We fix the number of dimensions to D = 4. Consider a homogeneous and isotropic Friedmann-RobertsonWalker (FRW) metric g µν with zero curvature; the anisotropic case is straighforward and will be discussed later. We split the metric into a flat Minkowski background plus a homogeneous fluctuation h µν ,
where i = 1, 2, 3. By definition, the fluctuation is small around a certain time t i , where g µν (t i ) = η µν . Thus, the scale factor a and the fluctuation h µν are
The tensor h µν can be rewritten in harmonic gauge by the transformation
The fluctuation now reads
The standard gravitational fieldh µν is then
The Fourier transform of the above field is given bỹ
At this point, we exploit asymptotic freedom to avoid solving the full equations of motions of (2.7) on a flat FRW background, and to recognize the profile (3.2) as an actual asymptotic solution of our model. We express the classical propagator for the excitation h µν via a dimensionless source ̺, representing the 00 component of an effective "energymomentum" tensor T µν . Denote its Fourier transform with a tilde. The gauge-independent part of the graviton propagator [42, 88] for the theory (2.7a) is then
where P (0) and P (2) are Van Nieuwenhuizen projectors in four dimensions [89] . The standard "classical" case is obtained for V (k 2 ) → 1, but for the theory (2.7a) we find, using the graviton propagator after Wick rotation,
Assuming that the kernel̺ does not depend on the cut-off Λ, the quantum-corrected profile a(t) can be found from its "classical" limit a cl (t). The procedure is the following: (i) fix an a cl (t) and, via eq. (3.2), a profile h cl (t); (ii) set temporarily V = 1 in eq. (3.8) and obtaiñ h(E) and, from that, the cut-off-independent distribution̺(E, k); (iii) plug̺ back into eq. (3.8) and perform the four-momentum integral with the full V (k 2 ) = 1, to obtain h(t); (iv) use (3.2) to get a(t). The profile a cl (t) is thus recovered perturbatively at times t ≫ t i . This procedure is similar to the one employed in [82] [83] [84] , but with an important difference. There, in order to go beyond the classical theory, one introduces one-loop quantum corrections to the graviton propagator. In our case, however, we already have modifications at the classical level and, therefore, we use only the bare propagator. This can be justified by noting, as mentioned above, that one-loop corrections to the propagator in this class of non-local theories are UV sub-dominant with respect to the tree-level contribution. Thus, a general conclusion is that any asymptotically-free theory of gravity with a two-point function of the form (3.7), with sufficiently strong damping factor V , will admit an asymptotic UV solution of the form (3.2) solely found at the tree level in perturbation theory.
General solution with power-law regime
We start by considering a profile compatible, at late times, with a power law. We recall that we are not in vacuum and the matter source shapes the expansion of the universe. The classical profile is very simple, namely,
where t i is the pivot time around which one centers the perturbative expansion of the metric, t = 0 is the big-bang singularity time, and p > 0 is a constant. Equation (3.9) is solution to the ordinary Einstein equations, recovered at low curvature also in our model when higherorder Riemann terms are negligible. a cl (t) is an even function of time due to time-reversal symmetry in the standard classical Friedmann equations and, in turn, it will determine an even quantum-corrected profile a(t) = a(|t|). This will also prevent a possible issue with the procedure (i)-(iv) detailed above. The propagator is integrated after Wick rotation, when the form factor V makes it convergent. For the purpose of field-theory calculations, going to imaginary time poses no particular problem, provided the Osterwalder-Schrader conditions are satisfied [37, section 5] . However, the solution a(t) is found with the Wick-rotated propagator, and its analytic continuation back in Lorentzian time t → −it may no longer be sensible for the Lorentzian system. In the present case, however, the solution depends on t 2 = |t| 2 (t is a real parameter) and it correctly reaches the classical power-law solution of the Lorentzian theory at late times. Therefore, the profile a(t) is unaffected by the analytic continuation. In section 3.3, we will recover the same solution with an independent method. Given the condition (3.9), we can calculate the Fourier transformh(E) defined in eq. (3.6),h 10) and, from eq. (3.8), the source̺ in momentum space:
For the form factor in eq. (2.8), the fluctuation resulting from the integral (3.8) is
where 1 F 1 is confluent hypergeometric function of the first kind (Kummer's function):
The transcendental equation (3.12) determines the value of Λt i such that h(t i ) = 0. This only affects unimportant time rescalings and the normalization of the scale factor
(3.14) 
The early-and late-time behaviour can be easily found from the asymptotics of Kummer's function (e.g., [23] ):
We obtain
The transition between these two regimes is set by the critical time 1/Λ. The general picture is that, at late times, the universe expands as a power law determined by its matter content. Common cases are radiation (p = 1/2), dust matter (p = 2/3), and acceleration-inducing components such as inflaton and quintessence (p > 1). In all these scenarios, there is a finite bounce at t = 0, whose value increases with p if Λt i ∼ 1. The most direct agent responsible for the bounce is asymptotic freedom: when the energy scale Λ is sent to infinity, a * → 0. Figures 1 and 2 illustrate the bouncing behaviour of, respectively, the scale factor and the Ricci scalar R = 6(ä/a +ȧ 2 /a 2 ) for radiation and for a large-p example. In the first case, we used the special form of Kummer's function 1 F 1 (−1/2; 1/2; −z 2 ) = e −z 2 + √ π z erf(z), where erf is the error function:
An important consequence of eq. (3.14) is that one always has super-acceleration near the bounce independently of the value of p. This mechanism of super-inflation, which does not need any slow-rolling or exotic (e.g., phantom) scalar field, may be viewed as due to the vacuum energy associated with the graviton fluctuation, which is present for any type of matter content. Figure 3 shows positivity of the accelerationä, and a graceful exit from inflation when the matter content obeys the classical dominant energy condition (i.e., noninflationary matter).
The Hubble parameter associated with the solution (3.14) is At the bounce, H = 0. Asymptotically, 19) and, integrating at small times, we have 20) thus getting the asymptotic behaviour of the bounce in a neighborhood of t = 0. The scale factor a(t) for small times has a typical super-acceleration profile. This is remindful of an early contribution on cosmology in higher-derivative gravity [90] , even if, as just stated, in our case we do not need to invoke the inflaton. We conclude this section with two comments. First, Kasner solutions are also straightforward. In ordinary Einstein-Hilbert gravity, the solution for a flat homogeneous anisotropic universe is a i (t) = |t/t i | p i , where i = 1, 2, 3 and the exponents p i obey the two conditions
Following the above procedure (see [84] for Kasner solutions in a local quantum-gravity model), from the propagator we get three copies of eq. (3.14). This formula is automatically well-defined for all the values of p i allowed by the Kasner conditions. Each scale factor reaches its local extremum (a minimum for two p i > 0 and a maximum for p i < 0) at different values dictated by eq. (3.16). Going forwards in time towards t = 0 and beyond, two directions contract, undergo a bounce, and begin to expand. In the meanwhile, the third direction expands from a minimum value a i * , reaches a maximal extension at the bounce, and then contracts back to a i * . Figure 4 shows one such solution. Finally, we also checked that, in models where Wick rotation is not necessary, the bounce picture persists. Let us recall that Wick rotation was required because, in momentum space, the form factor (2.8) is not convergent when integrating in
On the other hand, using even powers of the Laplace-Beltrami operator renders the form factor convergent without transforming to imaginary time, and the bouncing-accelerating scenario still holds. For instance, in Krasnikov's model with the operator V ( ) = e − 2 /Λ 4 , the solution with power-law asymptotic limit is a superposition of generalized hypergeometric functions q F s , bounded from below (respectively, above) for p > 0 (< 0) by a symmetric bounce at some a * = 0.
Alternative derivation of the solution
The solution (3.14) can be also found via the diffusion-equation method [85] , which has proven to be a powerful tool both to address the Cauchy problem in exponential-type nonlocal systems [86] and to find non-perturbative tachyon solutions in string theory at the level of target actions [25, 85, 87] .
We linearize the action up to second order in the fluctuations and end up with eq. (2.5). Here, we do not throw away self-and matter interactions completely, and we encode them into an effective mass m eff for the linearized gravitational field. The latter obeys the equation of motion e /Λ 2 h µν +m 2 eff h µν = 0. To solve this equation (or, approximately, its non-linear extensions), we promote h µν (x) → h µν (x, r) to a field living in D + 1 dimensions, where r is an artificial extra direction (dimensionally, a squared length), and assume that h obeys the diffusion equation
with a given set of initial conditions h cl µν (x). Here is the Laplace-Beltrami operator in the background metric, i.e., = η µν ∂ µ ∂ ν in our case. Once the solution is found, the parameter r is fixed at some constant value r = r * such that the equation of motion h µν (x, r * +1/Λ 2 )+ m 2 eff h µν (x, r * ) = 0 is solved. For a homogeneous setting, the problem is drastically simplified. The only non-vanishing components of the metric are the diagonal spatial ones, and we need only to consider one diffusion equation for a 2 (t, r), with Laplace-Beltrami operator = ∂ 2 t (spatial derivatives are immaterial). The initial condition at r = 0 is nothing but the asymptotic classical profile at t → ±∞ because the solution only depends on the ratio −t 2 /(4r) (this can be checked either a posteriori or beforehand by a simple scaling argument). Given a power-law initial condition, the solution of the diffusion equation
is, when evaluated at r = r * , eq. (3.14) with Λ 2 = 1/r * . The proof of this statement is essentially the calculation in [23] for a scalar-field profile in non-local cosmologies with exponential operators. 3 Summarizing the procedure in a nutshell, one expands the initial condition α 2 (t, 0) as an integral superposition of the eigenfunctions e ±iEt of the exponential operator V −1 ( ). Applying V −1 ( ) to the initial condition and performing the integration, one obtains a linear combination C 1 a 2 1 (t, r) + C 2 a 2 2 (t, r) of the two solutions to the secondorder equation (3.22) , where 24) and Ψ is confluent hypergeometric function of the second kind. The solution a 2 1 has a bigbang singularity and is not well-defined (positive definite, finite, and so on) for all values of p > 0, while a 2 2 is complex-valued for general p. The choice of coefficients C 1 = −i tan(πp) and C 2 = e −iπp / cos(πp) gives (the square of) our solution (3.14) . This linear combination is real-valued, big-bang free, super-accelerating near the bounce, and valid for all positive p.
Effective dynamics
The solution (3.14) is approximate. Thanks to asymptotic freedom, it is valid at early times t t i where interactions are negligible. It is valid also at late times, where the theory reduces to ordinary Einstein-Hilbert gravity plus sub-leading quadratic terms (Stelle model). To check its viability outside these regimes, it is interesting to fit the Hubble parameter (3.18) with the effective energy density ρ eff defining the modified Friedmann equation (1.1). In the right-hand side of that equation, we take the energy density ρ to be the one of a standard power-law cosmology, but with a = |t/t i | p replaced by eq. (3.14),
25)
3 The reader can track down the steps in [86] from eqs. (45) to (81), with the following mapping from the symbols used there to those adopted here:
In [86] , the opposite convention η = diag(−, +, · · · , +) is used for the spacetime signature. while the critical energy density ρ * = ρ eff (0) is fixed by the bounce scale factor a * = a(0) in (3.16), 27) which is the quantity plotted in figure 5 . For p = 1/2 (radiation case), we achieved a good qualitative fit with β ≈ 0.83, while for p = 3 we plot β ≈ 1.3.
Notice that there may be no compelling reason to impose an all-scale fitting as in the figure. Using the asymptotic limits (3.15), we have eq. (3.19) and
The relative error at the origin is minimized for 29) equal to β ≈ 0.64 for p = 1/2 and β ≈ 2.47 for p = 3. For these values (which neither correspond to the fit of the figure nor to a least maximal error in the fit), there is a significant difference in the height of the local symmetric maxima at intermediate times. Conversely, in the plots the maximal relative error occurs at the origin. We believe that eq. (3.29) better represents the asymptotic solutions, since higher-order curvature and quantum corrections are expected anyway to modify the evolution at mesoscopic scales, where the two lumps are located. Assuming a standard Raychaudhuri equationρ eff +3H(P +ρ eff ) = 0, one can also obtain an effective pressure P and barotropic index w, 30) which are depicted in figures 6 and 7, respectively. At the bounce, one has a non-vanishing finite effective pressure P (0) = −R(0)/(3κ 2 ), where R(0) = 3pΛ 2 is the Ricci scalar. At late times, w → −1 + 2/(3p), while at early times
where one has super-acceleration (w < −1).
Conclusions
In this paper, we have proposed a non-local model of gravity with improved UV behaviour. We have focussed only on its cosmology, and used the property of asymptotic freedom to find approximate solutions valid both at early and late times. In general, these solutions possess a bounce and avoid the big bang singularity, and have an early era of acceleration with natural exit in the abence of inflaton fields. Specifically, the universe is characterized by a super-acceleration regime at the bounce, where we found an effective barotropic index w < −1.
Since we have not solved the full equations of motion exactly, we have bypassed the problem of getting the dynamics of a theory with all sectors (both gravity and matter) being non-local. Instead, we have matched the solution (3.14) with an effective dynamics encoded in the modified Friedmann equation (1.1) . The good agreement between this solution and eq. (1.1) at all scales suggests that the problem is not unsolvable. The diffusion equation method, applied in section 3.3 to find an alternative derivation of the profile (3.14), might be a useful tool in this respect. Intriguingly, equation (3.22) acts as a "beta function," determining the running of the metric with the cut-off length scale 1/Λ, which plays the role of diffusion time ∼ √ r. The possibility to study the dynamics of this class of non-local theories via the diffusion method is a direct consequence of their renormalization properties [85] . It is remarkable that the bouncing dynamics of the present model can be reproduced semi-quantitatively by an effective equation with only one free parameter. The value of the critical energy density ρ * is also plausible. From eq. (3.26) and setting the cut-off to its natural value Λ = m Pl , we get ρ * ≈ 0.02 ρ Pl for p = 1/2 and ρ * ≈ 0.22 ρ Pl for p = 3. Models such that ρ ≤ ρ * ≤ ρ Pl must have p ≤ p max ≈ 12.67. For p > p max , the critical energy density exceeds ρ Pl , and the energy density of the universe can become trans-Planckian near and at the bounce. Therefore, scenarios with too-large p are not well represented by eq. (1.1). This is not an issue in our model, since we have early-universe acceleration by default also for small values of p.
The relative error between the approximate solution H 2 and the effective energy density κ 2 ρ eff /3 could be reduced by a more refined Ansatz for the effective Friedmann equation. Further study of this method may turn out to shed some light on the exact dynamics, which should be developed in parallel starting from the actual equations of motion. For instance, once derived the actual equations of motion of the theory one could plug the solution a(t) found here, and check whether a reasonable matter sector is recovered. In particular, from our modified Kasner solution it should be possible to check whether some form of BKL chaos survives in the full anisotropic dynamics.
This should not only clarify whether the bounce picture is robust in our theory, but also to which class of singularity-free cosmologies the model belongs to. As an exact dynamical equation, expression (1.1) with β = 1 appears also in braneworlds with a timelike extra direction [91] and in purely homogeneous loop quantum cosmology (for reviews consult, e.g., [92, 93] ) only in the parameter choice for the so-called "improved" mini-superspace dynamics [94, 95] (for other parametrizations, eq. (1.1) with β = 1 no longer holds [96] ). Although there is no relation between our framework and these high-energy cosmological models, they all share the same type of bounce where the right-hand side of the Friedmann equation receives a negative higher-order correction in the energy density. On the other hand, there is a different class of models where the correction is of the "dark radiation" form −1/a 4 , which is responsible for the bounce at H = 0. Such is the case for the Randall-Sundrum braneworld with a spacelike extra dimension [97] , Hořava-Lifshitz gravity without detailed balance [98, 99] , and cosmologies with fermionic condensates [100, 101] . As far as we pushed the analysis in this paper, the present model apparently lies in the first category, with the added bonus that we have an alternative mechanism of inflation of purely geometric origin.
